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(Communicated by Prof. A. HEYTING at the meeting of June 30, 1962) 
From the work of PIERI [1] it is known that for n > 2 all notions of 
n-dimensional Euclidean geometry can be defined in terms of the relation 
Ixyz which holds if and only if the point xis equidistant from the points 
y and z. In [2] ScoTT has shown that the symmetric relation Sxyz, which 
holds if and only if the points x, y, and z are vertices of a right triangle, 
is also a sufficient single primitive notion for n-dimensional Euclidean 
geometry, n;;;.2. His method is to indicate how I can be defined in terms 
of S, but {in what he calls a "curious aspect" of his proof) he gives one 
definition which is valid only in dimension n = 2, and a very different 
one which is valid only for n>2. 
Scott remarks that in a private communication ALFRED TARSKI [3] 
indicated that he had considered the symmetric relation Hxyz, which 
holds if and only if the points x, y, and z are the distinct vertices of an 
isosceles triangle. TARSKI showed that Pieri's relation I can also be defined 
in terms of H, but his definition again took two different forms according 
as the dimension n is equal to 2 or greater than 2. 
The purpose of the present note is to indicate how I may be defined 
in terms of S, and also in terms of H, uniformly for all n;;;. 2. 
If x and y are distinct points, the set 9'*(x, y), consisting of x, y, and 
all points z such that Sxyz holds, is the union of the sphere having the 
closed segment [xy] as diameter, and the two hyperplanes perpendicular 
to [xy] which pass through i and y respectively. 
Now for x=!=y let strip (x, y) be the union of all hyperplanes which 
meet the segment [xy] at right angles (i.e., strip (x, y) is the convex 
closure of 9'*(x, y)). Let Lxyz be the relation which holds if and only if 
x=1=y and z E strip (x, y). 
Lemma. L can be defined in terms of S as follows: Lxyz if, and 
only if, for every U=/=Z there is a v such that (Sxyv and Szuv). 
Proof. Suppose, first, that Lxyz holds and that .u is any point 
different from z. If the segments [ xy] and [ zu] are not parallel, then the 
hyperplanes which are part of 9'*(x, y) meet those which are part of 
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~*(z, u) and any point v of this intersection satisfies (Sxyv and Szuv). 
(See Fig. 1.) On the other hand, if [xy] and [zu] are parallel then, since 
z E strip (x, y), the hyperplane of 9'*(z, u) which passes through z meets 
the sphere of 9'*(x, y), and any point' v of this intersection satisfies 
(Sxyv and Szuv). 
Fig. 1 
Conversely, 'suppose that Lxyz does not hold. If x=y there is no v 
such that Sxyv. But if x=ly then we must have z ¢strip (x, y). Hence 
we can find u ¢strip (x, y) so that [xy] is parallel to [zu], and then Y*(x, y) 
will be disjoint from 9'*(z, u), i.e., there is no v such that Sxyv and Szuv. 
Thus the lemma is proved. 
If Pxyuv is the relation which holds if and only if strip (x, y)=strip (u,v), 
we see at once from the lemma that P can be defined in terms of S because 
clearly Pxyuv if and only if for all z we have (Lxyz if and only if Luvz). 
Now consider the relation Tzxy which holds if and only if z=fox, z=foy, 
and [zx] is perpendicular to [zy]. To define T in terms of S it is only 
necessary to notice that if x=1y and if z is a point (other than x or y} 
of the sphere of9'*(x, y), then for no u do wehave strip (x, y)=strip (z, u), 
while if z is on one of the hyperplanes of 9'*(x, y) then there is such a u 
(obtained by intersecting the line through z which is parallel to [xy} 
with the other hyperplane). Hence Tzxy if and only if (Sxyz and there 
is no u such that Pxyzu). 
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Finally, to show that I is definable in terms of S, we could make use 
of Scott's definition of I in terms ofT (since this is independent of the 
dimension n). However, with P available, we can proceed even more 
simply as follows: 
Izxy if and only if [x=y or there exist u1, VI, u2, and v2 such that 
(Pxyu1v1 and Pxyu2v2 and z is the only point z' such that Tz'u1v1 and 
Tz'u2v2)]. 
Indeed, if Izxy and x=/=y then z is on the hyperplane parallel to, and 
midway between, the two hyperplanes of 9'*(x, y). Construct any segment 
[a1a 2] oflength [xy] having z as its midpoint, which lies in this hyperplane; 
let f!)Ji be the sphere with center ai and radius [aiz], fori= l, 2, and let 
Ui and Vi be the points of tangency of f!)J i with the two hyperplanes of 
9'*(x, y). Clearly Pxyu1v1 and Pxyu2v2. Furthermore, f!)J1 and f!)J2 meet 
in only one point, namely z, and we have Tzu1v1 and Tzu2v2. (See Fig. 2.) 
Fig. 2 
Conversely, if u1, V1, u2, and v2 are any points such that Pxyu1v1 and 
Pxyu2v2, then the spheres with diameters [u1vl] and [u2v2] have an inter-
section which is symmetric to the hyperplane bisecting these diameters 
(and hence bisecting [xy]), so if this intersection consists of just one 
point, z, we must have Izxy. 
This concludes our demonstration that I is definable in terms of S. 
To define I in terms of H (uniformly for all dimensions n;;. 2), we 
first note that for x=f=y the set .J'l'*(x, y), consisting of x, y, and all z such 
that Hxyz, is composed of the hyperplane bisecting [xy] together with 
the two spheres having [xy] as radius and centers at x and yrespectively. 
Let x', y' be the points such that xis the midpoint of [x'y] andy is the 
midpoint of [ xy'], and define slab (x, y) to be strip (x', y'). 
Lemma. The relation Nxyz, which holds if and only if x=/=y and 
z rf: slab (x, y), is definable in terms of H as follows. 
Nxyz if and only if there exist u1 , V1, u 2, v2 and w such that: 
(l) There is exactly one point ti such that (Hxyti and Huiviti) for 
i= l, 2; 
(2) There is no point t such that (Hu1v1t and Hu2v2t); and 
(3) wir-z and there is no point s such that (Hu1v1s and Hzws) or 
(Hu2v2s and Hzws) or (Hxys and Hzws). 
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We shall not prove this lemma in detail, but merely remark that if 
N xyz holds then Ut, Vt, u2, v2 and w may be constructed in a manner 
indicated by Figure 3. Conversely, suppose that Ut, Vt, u2, v2, and w 
satisfy conditions (1)- (3). By (1) we see that (x, y), (ut, Vt), and (u2, v2) 
Fig. 3 
are pairs of distinct points. Furthermore, if the dimension n > 2 then 
(1) implies that each of the sets .Yl'*(ui, Vt) is tangent to .Yl'*(x, y), (2) then 
implies that they are on opposite sides of .Yl'*(x, y), and (3) [which states 
that .Yl'*(z, w) is disjoint from .1l'*(u1, Vt) U .1l'*(u2, v2) U .Yl'*(x, y)] then 
implies that z ¢slab (x, y) so that Nxyz. If n=2, (1) and (2) could be 
satisfied if the straight lines which are parts of .1l'*(u1, Vt) and .1l'*(u2, v2) 
respectively are parallel to each other but not to the line of .Yl'*(x, y), 
as in Fig. 4; but in this case .Yl'*(z, w) could not be disjoint from both 
.1l'*(u1, v1) and .Yl'*(x, y) so that condition (3) would fail. Having ruled 
out this case the proof for n > 2 can now be applied verbatim in the 
case n=2. 
With the lemma established we see easily that I can be defined in 
terms of H. In fact we first define the relation Qxyuv [i.e., slab (x, y) = 
=slab (u, v)] in terms of S by Qxyuv if and only if for all z (Nxyz if and 
only if Nuvz). Then we note that the hyperplane of .Yl'*(x, y) is the inter-
section of all sets .Yl'*(u, v) such that Qxyuv holds. Hence we have lzxy 
and only if [x=y or for all u, v, if Qxyuv then Huvz]. 
We complete this note by remarking that one cannot start from an 
arbitrary ternary relation which is itself a sufficient primitive for all 
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Euclidean notions, and expect that the relation obtained from it by 
symmetrization (as H was obtained from I, or S from T) will also be 
adequate. Indeed, the relation Jxyz, which holds if and only if the length 
Fig. 4 
of [xy] does not exceed that of [xz], is known to be a sufficient primitive 
for Euclidean geometry of all dimensions 2). But the symmetrized relation 
K such that Kxyz if and only if (Jxyz or Jyzx or Jzxy) holds for all x, y, 
and z whatever. 
2) See [3]. 
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